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ABSTRACT 


Let us consider the locus of intersection LNT (L), as L runs through the entire 
pencil of lines through a point P where T is an affine transformation such that T (P) = Q. 
This locus is an affine conic and any affine conic can be produced from this incidence 
construction. The affine type of the conic (ellipse, parabola, hyperbola) is determined by 
the invariants of T, the determinant and trace of its linear part. The purpose of this thesis 
is to obtain a corresponding classification in the hyperbolic plane of conics defined by this 
construction. We will use the Poincaré disk as our model of the hyperbolic plane, whereby 
T is a linear fractional transformation that preserves the disk. So that our classification 
is not model-dependent we will show that the conic produced by T is mapped to an affine 
conic when dilation about the center of the disk by a hyperbolic factor of 2 is imposed. 
The resulting intersections of this affine conic with the boundary of the disk coincide with 
those of the hyperbolic locus, and this hyperbolic conic can be recovered in explicit form 
by pauenetne the affine conic. We will find that the type of conic is determined not only 


by T but also by the distance between points P and Q. 
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Chapter 1 


Introduction 


What is a conic? The name comes from the work of the Greek mathematicians 
Apollonius and Menaechmus who studied the intersection of planes with cones and prop- 
erties of the resulting ellipses, parabolas, and hyperbolas [BEG99]. We associate these 
curves with second-degree polynomial equations, that is every second degree equation 
represents a conic. Most texts define conics in terms of a focus and a directrix. These 
are important metric properties but do not give any indication of how conics arise syn- 
thetically in geometry. The study of conics is well over 2,000 years old and has given rise 
to some of the most beautiful and striking results in geometry. 

Conics arise in a planar geometry as a linear correspondence between a pair of 
pencils [Ped88]. We can classify and produce affine conics by using the following theorem 


which we will prove 


Theorem 1.1. If P and Q are points of the affine plane and T is an affine transformation 
such that T(P) = Q, then the locus of intersections LMT (L), as L runs through the 


entire pencil of lines through P, is a conic. 
We will show that the equation of this eink is 

cx? + (d—a) cy — by? — (a+d)ry—cr? =0 
where T' is represented by the matrix: 


b 1+ 
pa{ oe wer (1+a) 
cx dy TC 


and P = (—r,0) and Q = (r,0). 

In the affine plane, the invariants of T, the determinant 6 and the trace 7 of 
the matrix, will allow us to classify the conic. The goal is to find invariants of T in the 
hyperbolic plane that function as the trace and determinant in the affine plane. 

Poincaré’s conformal disk model will be used, where points are those of the open 
unit disk and lines are circular arcs orthogonal to the unit circle. 

Choosing two points P and Q in the hyperbolic plane, a transformation T’ such 
that T (P) = Q is now a conformal hyperbolic transformation T takes the pencils of lines 
(arcs) through P to the pencil through Q. As in the affine plane, the locus of intersections 
will define a conic. In order to classify the conic determined by T we will use a property 
of the Poincaré model that relates to the Lobachevsky chord model, specifically, dilation 
about the center of the disk by a hyperbolic factor of two takes the arc that represents the 
line to the chord of the disk with the same boundary points. This dilation gives rise to a 
map from the group of hyperbolic transformations into the Euclidean affine group. This 
so-called “spinor” map then allows us to place the hyperbolic conic in the same category 
as its affine counterpart. 

The result of this work will show that, while in the affine plane a conic can be 
classified by three types of cases: an ellipse, a parabola, and a hyperbola, in the hyper- 
bolic plane, conics are classified as one of six types: no intersection, unique intersection, 
two intersections with either both tangents or a secant, three intersections, and four in- 
tersections. Each case is determined by the number of intersections the conic has with 


the line at infinity which is the unit circle €. 


Chapter 2 


The Affine Plane 


In geometry, affine transformations of the plane map lines to lines, parallel lines 
to parallel lines, and preserve ratios of lengths along lines [BEG99]. The affine linear 


transformation T will be defined by linear equations such that:, 


x 
Yy 


axz+by+p 
cz +dy+q 


for some constants a, b,c,d,p,gq. The transformation T must also be invertible (det ad — 


bc # 0) and will be written as a matrix equation, 


abop L az+by+p 
T(z,y) = c d y | =| cx+dyt+q 
0 il 1 


1 
a 0b x p 
qt (x,y) = ~ 
ce d y q 
-1 
a b £ a Ob 
c ad y c d 
= 1 ( d —b p 
~~ be-ad 
—c a 
_ 1 dp — bq 
bc—ad —cp + aq 
SO, 
—b dp—bq 
ad—be ad—be bc—ad 
-l = - —cp+aq 
T (x,y) se ate a bc—ad 
0 0 1 
and 
d —b dp—bq 
zt ad—be” ad—beY be—ad 
-1 a. Ce —cp+ 
L ar | Gere agen eaaa 
1 ] 
The above is the general theory where 
c 


translation part. 


is the linear part and 


is the 


For a specific case we will select two points P and Q that will make the distance 


between them arbitrary. Let P = (—r,0) and Q = (r,0). So our transformation T is 


represented by T': (—r,0) — (r,0) 


a Pp L Hh 
P= | ec dq yo P= | oy 
0 1 1 1 
a p —r r 
= c gq 0 =] 0 
0 I 1 


then solve for p and q 


—ar+6(0)+p=r 
ee —cr+d(0)+q=0 


q=cr 


. p=rtar and. 
p=r(1l+a) 
since T (P) = Q. The line L through P (—r, 0) with slope m is represented by the following 
equation: 
y-y. = m(z—-2}) 
y-0 = m(x+r) 
y = m(c+r) 


and the transformation T is represented by 


a b r(l+a) 
T=l]e cr 

0 0 1 

so 
ad—be was et ae 
T= abe ras beaca ei 
0 0 I 

and 


d —b d+tad—be , 
& ad—be? ad—beY bc—ad r 
—1 ee -¢ a —c 
L Y ad—be” ad—beY be-ad’” 


1 1 


must satisfy line L through point P (—r,0) with slope m: 
y = m(aet+r). 


This yields, 


7 d d+ad—be 
~aa—e® + adbo + = ad -r) = m ( sade — gene head ‘r+r) 


d b d+ad~be , 
ms (catee ~ ad-beY + te-aa 7 + r) 


II 


c a —er 
~ Gd—be © ti ad—beY — be-ad 


aft a _ _er i d d+ad—be 
adobe Wo Gdohet bead = Gd-bel™ — GE adergym + Set orm trm 


aay + sate = aii gam + adobe® + Peed te ‘rm + pag hr trm 
3 y = (pig) 0+ dm-+adm— ~ bert ben adn ope ie add 
(222) y = (apig) 0+ gets 
y = (amis. sth) a + (msg - atte) r 
; = (msg) 2 ~ (ag) 
y = Geen won) 


which is the equation of T (ZL). 
Finally, we must determine the intersection of L with T (ZL) as L runs through 
the pencil of P and describe this locus of points of intersection. 


If we solve for m in the equation for L, 


Bb: y m(z+r) 
m= sy 


and substitute the resulting equation for T (L), 


T(L) y = <imm (2-1) 
y _ ctd(st) 
{a—r) ~ atb(sh) 
ite 
“—r = a4 _0y 
1° w+r 
cletr)tdy 
a7 = panic 
_ (aoe 
z—-r ~~ a{a2-+r)+by 
— cet+er+dy 
“2—r “~  ax--ar+by 
y (az + ar + by) = (x-r)(cx+cr + dy) 
axy + ary + by? = cx? +arz + dzy — crx —cr? — dry 
cz” — axy + dry — by? —ary—dry—cr? = 0 
ca? + (d—a) zy —by?—(a+d)ry—cr? = 0. 


This is the equation of the affine conic (ellipse, parabola, or hyperbola) created by the 
locus of points of intersection [Sar03]. 

The affine conic is determined by the invariants of T,, the determinant and trace 
of its linear parts. The type of conic in the Cartesian plane is determined by the co- 
efficients of quadratic terms, so the type of conic depends only on the coefficients of x 


a b 
and y in the definition of 7’. Recall that in the matrix T = the determinant 
c 


6 = ad— bc and the trace r = a+d. The type of conic determined by the equation above, 


= -ch-1(d—a)’ 

= —cb— ; (a? — 2ad + a”) 

= (ad —cb) — } (d? + 2ad + a?) 

= (ad—cb)—+(a+d)’ 
will be an ellipse if A > 0, a parabola if A = 0, or a hyperbola if A < 0. Now we can 
distinguish the type of conic strictly in terms of the determinant 6 and trace 7 and are 


able to summarize the results into the following theorem: 


Theorem 2.1. The conic determined by P,Q and transformation T is an ellipse if 


7? < 46, a parabola if r? = 46 , or a hyperbola if 7? > 46. 


Let’s consider the following three cases: 1) ellipse, 2) parabola, and 3) hyper- 
bola, where point P (—1,0) — Q (1,0) and a, b,c,d are chosen at random and create the 


equation of each conic: 


Case 1: The Ellipse 
Let a = —3, b= —2,c=3,d=-—2andr=1, 


p = r(l+a) q = fre 
sO = 1(1+(-3)) and = (1) (3) 
-3 -3 -2 
and the matrix T= 3 -2 38 
BO: S02 
We will use the determinant 6 and trace 7 of the matrix to verify that the conic is an 
ellipse, 
6 = ad-—bc F 5 45 
T = at T < 
= 6+6 
= 5 25 < 48 


= 12 


so the conic is an ellipse. 


The matrix of T'-! is 


2 2 
[ol 2 Dm 12 
=3 = =3 
2 2 
ae 5 
Se Se OG 2) _[ ¢é 
as - sey -1 
caer —3 1 
oa! dy Aap 
ee ee 2 1 1 
-1 = a oe! zd 
ue Sa a a O;=] 0 
0 oO 1 1 1 
w er gy Fe 
1 = sits, 2 
rly | = | de ay |} 
1 1 
z 
andT~!| y | must satisfy L through P(—1,0) with y= m(z+4+1) so T(L): 
i ; 
y = m(x#+1) 
~jo-duth = mCdetdv- B40 
—70—ty+4 = —4ma + amy + Em 
—qy-gmy = -Eme+ gzt+im—} 


(-t-dm)y = (fmt et gm—} 


10 


Y= Sra Ot Sate 
4 6 4 6 
—2m+3 2m—3 
y = azo T + —3-—2m 
12 12 
_ ~2m43 2m—3 
Y = amt + “33m 
‘ _— —2m+3 
fag 5) ee aa (x —1). 


Solve line L for m, (m = #3) and substitute in T'(L) to find the equation of the conic: 


—2( 4, )+3 
T (I): y = SEBS @-9 

on _ SFth3 

z-1 ~~  xey_3 
etl 

ye — —2y+32+3 

z—1 “  =—2y—-32-3 

2y? — 8ny — 3y = (x— 1) (—2y + 32 + 3) 
—2y? — 32y — 3y = —2Qey + 3274+ 32+ 2Qy— 32 —3 
3x? + cyt Qy?+5y—-3 = 0 


is the equation of the ellipse. 
Graphing the conic gives a visual of the locus of intersection. First, choose 


equations through point P and transform them by 7, 


y=m(z+1) 
y=artl 
y=2e4+2 
y= 3243 
y=—-x2—-1 
y= 22-2 
y= —32 —3 
ya arts 
y= 30-5 
y = —62 —6 
y=—8r —8 
y= gt 5 
y= fa —3 


£4 hg) 
T (Ly): 
T (Lo): 
T (Z3) : 
T (Zq) : 
TF (Ls) : 
T (Le) : 
T (£7): 
T (Lg) : 
T (Lg) : 
T (Ly) : 
T (Ln): 
T (Lig): 


se cde oe thin ale a EES al Sls alee lee abs af 


Y = =om-3 
y= gets 
y= 7o—% 
y= 52-3 
y=-5r2+5 
y= le = 7 
y= 32-3 
y= pats 
y= —-224+2 
y= Br 3 
y=pC-B 
=-Hr+ 
y=—-Br+h 


—2m+3 (x _ 1) 


Next graph each of the equations L and T (L) respectively and identify their intersections, 


and the locus of intersections will create an ellipse. See Figure 2.1 and 2.2. 


Case 2: The Parabola 
Let a= 4, b= —-10,c=1,d=12 andr=1, 


= 1 — 
= p r(1+a) gen q TC 
_ 5 a | 
4 -16 5 
and the matrix T= 1 12 1 
0 0 1 


The determinant 6 = 64 and trace r = 16 so rT? = 46 and the conic is a parabola. 


The matrix of T~! is 


a = ( 
so [7 = ( 
x 
Tt y = 
1 


2 16 
64 64 
=I £ 
64 64 
3 1 19 
is 7 5 |) _{ ft 
—1 1 -1 
4 «(6 1 B4 
3 1 —19 
ie ot 6 1 —1 
-1 1 1 
a is «(84 O;=] 0 
O:-@ 4 1 1 
3 1 —19 
je gy “té6 
—1 1 1 
Be isY oa 
1 
So T (L) 
= m(#+1) 


3 1 _ 3 
Jemez + amy — gm 


3 cee aoe 
jeer + Bg — 7gM — By 


(jem + ge) — eM — g 


| 


12 


T(L): y 


1 
te 4™ ie 4™ 
12m+1 —12m-1 
1—4m zt + —4m 

16 16 
12m+1,,__ 12m+1 
4—16m 4-16m 
12m+1 
<tem (t — 1). 


Substitute —4 for m from line L into T (L) to find the equation of the conic, 


T(L): y 


y (4c + 4 — 16y) 


—2y? — 32y — 3y 


Ary + 4y — 16y? 


i 


x? + 82y + 16y? —16y—1 = 


is the equation of the parabola. 


12y+a¢-+1 

42+4—16y 

(x —1) (12y+2+1) 

—2Qey + 32? + 32 + 2y — 32 —3 
lQey +a? +2—-—12y—a2-1 


Graphing the conic in this case yields the following equations, 


13 


In: y=m(x+1) 7 T(L,): y = Pmt (g — 1) 
In: y=a+l > T(h): y=-Be+8 
Ig: y=2e+2 > T(L2): y=—-Bao+ B 
L3: y=32+3 > T(Ls): y=—-te+ HZ 
Ia: y=4u+4 + T(l4): y=—-8e+% 
Is: y= —ax-1 —+ T (Ls): = Hoty 
Ie: y=—-2e-2 + T(Le): y=-Bc+B 
Ly: y=-32-3 > T(L7): y=-8c+8 
Ig: y=—-dc-4 + T(Ls): y=-O2xt+H% 
Ig: y=ic+h 4 T(Lo): y=—fa+h 
Li: y=-te-2k + TL): y=—-He+H 
In: y=-ge-}% 0 3 T(Ln): y=-pet+Hy 
Le: y=-p2-% 7 T(Lr): y=0. 


The locus of intersections will create a parabola. See Figure 2.3 and 2.4. 


Case 3: The Hyperbola 
Let a= 3, b= -2,c=3,d=-—5andr=lsop=4andq=3 


3-2 4 
the matrix JT'= 3-5 3 
0 0 1 
The determinant 6 = —9 and trace Tr = —2 so 7” > 46 and the conic is a hyperbola. 
The matrix of T+ is 
5 _2 
T-1 — 9 9 
3 _3 
9 9 
Be a9 14 
_ {3 73 cn ee 
1 wl L 
Be a 3 


14 


15 


5 _2 _i4 
fo oe 1 -1 
“4 = i eee = 
sot a | ee 0 };=] 0 
0 0 1 1 1 
© re 
BO ON = ae =a Ss 
1 1 
z * . 
T!| y | satisfies L through P(—1,0). So T (L): 
J 
y m (xz +1) 
og Ten Bid tes 
ge — 30-3 m (32 — 99 — 79 +1) 
Fo — FY — 3 3m — 2my ~ 3m 
—ty + 2my sma — 50 —2m+ 5 
Tee 5 1 3-5 
(-g+gm)y = (gm—3)¢-=™ 
5 1 3-5m 
Bok 
: <Fein® + SEF 
5m—3 3-5m 
y tas + aaARs 
9 9 
5m-3,, _ 5m—3 
y am=3% ~ m3 
T (L): y gm—3 (¢ — 1) 


substitute = for m from line L into T (L) to find the equation of the conic, 


16 


5(s47)-3 
T (L) : y ae (at, )=3 (x —1) 
y_ _3 
pat: ee = z-+1 
z—1 ~~ 2y 3 
w+1 
_y_ — 5y—-32-3 
z—1 “~~ — 2y—32-3 
y (2y — 3x — 3) = (#—1) (5y — 3z — 3) 
2y” — 8xy ~ 3y = bry — 32? — 32 —5y4+32+3 


327 — 8ry + 2y?+2y-3 = 0 


is the equation of the hyperbola. Graphing the conic in this case yields the following 


equations, 


Dn: y=m(zr+1) =F £ (La)? y = 3@=3 (2-1) 
Iy: y=2+1 > T(I): y=2e-2 
Ig: y=2e+2 > T(Ie): y=Tx-7 
L3: y=32+3 > T(L3): y=4r-4 
Le (pS tee — T(L4): y=o—H 
I5:. y=-a@-1 > T (Ls): y= 8x28 
Ie: y=—-20-2 -+ T(Ie): y= Ba-# 
I7: y=-32-3 - T(L7): y=2n-2 
Ig: y=-4t-4 + T(Lg): y= Be—B 
Lg: y= 30-4 > T (Lo): y= ya-® 
Ing: y=suts = T (Ly0) : y=4qr-F 
Ini: y=9rt+$ 7 Thu): y=o2-G 
Ly: y=—zo-t + TL): y= pe-i 
Ii3: y=%r+% > T (£43) : Y=H°-H 
Iu: y=prte - T(Lu): y=$e-F. 


The locus of intersections will create a hyperbola. See Figure 2.5 and 2.6. 


ellipse. 


of L and T (L) that create an 


Figure 2.1: The intersections 
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Figure 2.2: The ellipse. 


70 Set 
or Aaa ae hes 


& 


h 


Figure 2.3: The intersections of L and T (L) that create the parabola. 


Figure 2.4: The parabola. 


Figure 2.5: The intersections of L and T (LZ) that create the hyperbola. 


Figure 2.6: The hyperbola. 
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Chapter 3 


Hyperbolic Plane 


Non-Euclidean geometry was one of the most momentous mathematical discov- 
eries of the 19th century. Hyperbolic geometry is a non-Euclidean geometry which obeys 
all the Euclidean postulates except the parallel postulate [Ped88]. In Hyperbolic geome- 
try, the Poincaré disk model, also called the conformal disk model, is a model in which 
points of the geometry are in the open unit disk ®. The lines of the geometry are seg- 
ments of circles (arcs) contained in the disk orthogonal to the boundary circle € and this 
also includes diameters that are orthogonal to the disk. 

Choosing two points P and Q in the hyperbolic plane, a transformation T' such 
that T (P) = Q is now a conformal hyperbolic transformation T' which takes the pencil 
of circles through P to the pencil through Q. Every direct non-Euclidean transformation 
can be described as a Mobius transformation of the form: 

az+b 


T == 
(2) bz +4 


where at od. 
The matrix associated with the transformation is 
a b 
b @ 
This transformation leaves orientations unchanged and is called a direct non-Euclidean 
transformation [BEG99]. A direct transformation is called: a rotation if T has a fixed 


point in D, a translation if J has no fixed point in D but two distinct points on €, and 


a limit rotation if T has no fixed point in D but a unique fixed point on €. 


22 


The direct transformation above results in the following theorem: 


Theorem 3.1. A direct non-Euclidean transformation T can be written in the form 


T (z) = K+ where K and m are complex numbers with |K| = 1 and |m| <1. 
l—mz 


This is the canonical form of a direct non-Euclidean transformation [BEG99|. Note that 
the transformation T’ with m = —R will map the point —R of © to the origin. By two 
applications of the theorem, we can obtain the general form of a direct non-Euclidean 
transformation that maps —R to Rin D. Let T; (z) be the transformation that takes —R 


to the origin and T> (z) be the transformation that takes R to the origin, so 


T; (z) = ky oP. and 7> (z) = Ki 2 


the matrices that are associated with the above transformations are 


K, RK Ky —RK 
A= ? * ) and A= 2 . 
= R 1 


The inverse of Ag, 


so 


ASA, 2 1 R Kk, Ry 
—-RKq Ko —R 1 


K—-R R(K+1 
and lett Ky =K-2 = er) 
-R(K+1) -R?K+1 


Hence any direct transformation that maps —R to R may be written in the form 


_ (K—R?)z+(RK +1) 2 
T(z) = “RK + 1)et(—K +1) where |K| = 1. 


23 
Thus, in correspondence with |K| = 1, there are an infinite number of transfor- 


a b 
mations that take —R to R. First, we will dispense of the trivial case. Let 7; = ; 
a 


c d 
and T> = ( j where T> (0) = R. 


Ti(-R) = apie = Ro and! DD. = aR 
b = aR 


Ty 


I] 
oo 
aie 
a §, 
We 
ter 

ll 
So 
Do 
a & 


hee 
= 
il 


me) lm) 


ac+ R?a@ R(ac+ az) 


: (ort Rac + a 


ac + R2aé 0 


i(1— R?) 0 
i (R? —1) 


0 -1 


II 


which takes —R to R. This is nothing more than multiplication by —1 which takes the 
real number line and maps it to itself. This case will result in a degenerate conic, which 


is the real axis. 
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Next, we will find a single parameter t where every value of ¢ will generate a 
different conic. Let R = tanhp and p = d where d is the distance from the origin. If we 


assume that ac # at, then 


act+R?az _ 1 
TT, = R(act+az) ee 
1 ac+ Rac 
R(ac+aé) 
and since R = tanh q, 
actR2ae  __ ac+tanh? dae 
2k 2tanh Z 


__ 1+tanh? ¢ 43 (1-tanh? 2).ac 
~ 2 tanh g 2tanh 4.ac . 


1+tanh? 1—tanh? ¢)-a 
But a = cothd, and if we let our parameter t = = 
q. 


coth d + at j 
1 coth d — tt 


, then after substitut- 


ing we get cothd+it. This is the desired transformation T = 


that takes —R to R. 


cothd + it 1 ; 
Given the above transformation 7’ = , the conic 


1 coth d — it 
that is produced by the correspondence between P (—R) and Q(R) is determined by ¢, 


so the conic is determined by cothd + it where p and ¢ will determine whether T is a ro- 
tation, translation, or a limit rotation. In each case we must solve for the fixed points of T: 


T (z) = (coth d+it)zt+1 


z+(coth d—2t) 


HT 
R 


24 (cothd—it)z = (cothd+it)z+1 


lI 
o 


2* — (zit) -—1 
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; —4t2 
then z = 2H vw +4 


= ittvl—-? 


soz, = it+ V1 —t? and z = it — V1 —1?. When |¢| > 1 we get a rotation, if |t] <la 
translation, and when t = +1 we will get a limit rotation [Sch79]. 


Lines in the hyperbolic plane are circular arcs orthogonal to the unit circle. If we 


let H = : : then the determinant of H = ad— | B |? and if the determinant H < 0, 


: F 1 cothd +is 
then H will represent a circle. For example, let H = 
cothd —is 1 
then 
1 cothd + 18 z 
( z 1 ) = 0 
cothd —is 1 1 
z 
( z+cothd~is z(cothd +is) +1 ) ; a! 
22 + (cothd —is)Z+ (cothd+is)z+1 = 0 
|z|? + 2[z (cothd + is)] +0 = 
Let z= 2+ iy, then from the above equation: 
z*+y?+2(xcothd—ys)+1 = 0 
x? + (2cothd) « + y? — 2sy = —-1 
(x + coth d)” + (y— 8)? = —1+coth? d+ s?. 


The center of the circle is (coth d, s) and the radius of the circle is /coth? d+ s? — 1. So 
B 
B 0 


1 
any line in the Poincaré plane is in the form of 3B e , where |6| > 1 and 
it 


if that line passes through the origin. 
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A line L, that runs through —R can be represented by the following Hermitian 


matrix, 


1 cothd +i 
H= be for some s. 
cothd — is 1 


If we let s = 1 cot 6, then 


2K sin 6 (1+ R?) sind +4 (1 — R?) cos 
(1+ R?) sind —i(1— R’) cos 2R sin 0 


(-R )a( a 


R? (2Rsin9) —2R (1+ R?)sin9+2Rsind = 0 


H= ,0<0<a7 


and 


2Rsind (R? — 2R +1) =O 


R?-2R+1 = 0. 
But R= tanh g, so by substitution in the above equation, is equal to the following: 


tanh? g — 2tanh $ +1=0. The lines through R& are represented by 


1 —cothd +i 

A= me _ , for some s. If we use the same s = LE cot @ as 

—cothd —is 1 
above, then 
ee. 2R sin 0 — (1+ R?) sin —i (1 — R?) cos 

— (1+ R?) sing — 4 (1 — R?) cosé 2Rsind 

; : R ; 

and then by using the previous calculation from above ( Ril )H ; = 0 will © 


result in the same equation, tanh? ¢ _ 2 tanh ¢ +1=0. 
Recall that inversive geometry considers lines and circles in the plane to be the 
same objects by adjoining the point oo. The inversive transformations form a group T 


consisting of the linear fractional transformations (LFT) and compositions of LFT’s with 
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complex conjugation [Sch79]. We can now compute the image of a circle C' under the 
action of inverse transformations. If H is the Hermitian matrix of the circle C we have 
ZHZ* = 0, where Z = ( z 1 F We want a matrix H such that 7'(z) is on the line 
T (2) 
1 


represented by H, so ( T(z) 1 \a ( = 0. If T+ represents the transpose 


of T, then this implies that ZT+HTZ+ = 0 and so (T+)! H (Fy is the Hermitian 
matrix H of the circle T(C). Note that (T+)~* = Tyo, the cofactor matrix of T, and 
a = T*, (the cofactor conjugate). This proves the following: 


Theorem 3.2. Jf H is the Hermitian matriz of the circle C and T is the matriz of a 
LIFT, then T.oHTx, is the Hermitian matrix of T (C). 


The matrix T,,.HT%, is called the spin conjugate of H by T. This spin action is the 
principal method of transforming circles in C. 
If @ is in the pencil through P, then the image T (7) is as follows: 


Let 
cothd + it 1 
T = i 
1 cothd — it 
1 thd +7 
H = co +48 . 
cothd —is 1 
cothd — it —1l 
Teo = and 
—l coth d + it 
cothd + it -1 
bss = 4 


—1 cothd — it 
so T(H) = T..HTZ, 


coth d — it —l 1 cothd + is coth d + it —1 
ai coth d + it cothd — is 1 = cothd — it | 
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We want to change the parameter t similarly to the change of s. These simple parameter 


changes create all the hyperbolic rotations about —R to R. So let s = 1-RP cot @ and 


Te cothd + it 1 
1 coth d — it 


t= RS cot g, then 


becomes 


Ba (1+ R?) sin $ — i (1 — R?) cos $ 2Rsin $ . 
2Rsin $ (1+ R?) sin $ +4 (1 — R?) cos $ 


where 0< $< 2, and T(H) =T,.HT;,, where 


fe (R? +1) (sin $) +4 (1 - R?) (cos $) —2Rsin 
~2Rsin $ (R? +1) (sin $) - i (1 — R?) (cos #) 
7 2R sin 0 (1 + R?) sind +i (1 — R?) cos 
(1+ R?) sin@ —i (1 — R?) cos 2Rsind 
| HD (sin $) — i (1 — R*) (cos $) ~2Resin $ 
ie ~2Rsin$ (R? +1) (sin $) — 4 (1 - R?) (cos $) 
so, T(H) = ( ae ) where 
cd 
a = 2Rsin(@+¢), 
b = —(R’+1)sin(6+ 4) +i(R? - 1) cos(9 +4), 
c = —(R’+1)sin(6+ 4) —i(R?-1)cos(6+¢), and 
d = 2Rsin(0+ 4). 
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Chapter 4 
Spinor Correspondence 


We now have representation of every line through —R = — tanh d and a descrip- 
tion of every direct isometry that takes —R to R. We can now find the conic determined 
by the locus LNT (L). 

However this locus will be complicated to find so we will simplify our work by 
finding instead the locus of intersections of chords obtained by dilating these lines by a 
hyperbolic factor of 2. Thus we reduce our work to a corresponding affine conic obtained 
as in the previous chapter. 

The radial dilation of the arcs through —R transforms the arcs into chords 


that share the endpoints on the boundary circle €. Previoiusly we let R = tanh $ and 


d 
d(—R,R) = d. When we dilate by the hyperbolic factor of 2 we get ra = ote = 
2 


tanhd. This will dilate the entire pencil of lines through —R to chords that go through 


the point awd and can be written as the following theorem. 


Theorem 4.1. Jf the Hermitian matrix represents a Poincaré line for some B, 


with |8| > 1, then the corresponding dilated chord with the same endpoints is represented 
0 £B 


by | _ 
B 2 


Proof: 


Let Re’ be any point on ( 


~i0 
(aan (3 | (™ 
Bl 0 
es ; Re~® 
( Re® +B, prot) ( : 


(Re + 8) Re“ + BRe® +1 


‘ . We want to show that 


WD 


R? + BRe- + BRe® +1 
R?+1 


5 Rb R_.i6 
Pre + Pape” + Rett 


Then multiply by 2, 


2k 2,-10 2R 40 =5 


We need to check, 


2R 40 
( 2R_ oi@ 1) 0p T+eREe 
oR 10 
2 . are cyd 
(3 Bebe +2) | Te 


2k 7,-70 2R 7 
renbe-” + ripe + 2 


0 
so indeed pes e”® is on ( 3 p : 
2 
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Recall that if the straight line L through (—R, 0) is given by y = m(z + R) and 
a b 
A is an affine transformation (—R,0) to (R,0), with linear part a, then the line 


A(L) is given by 


y = im (« — R). 


If the hyperbolic line through —R = — tanh ¢ is represented by a Hermitan matrix 


. 2 . . cas 2 
joes 2Rsin@ (1+ R*) sind +4 (1 — R?) cosé aie 
(1+ R?) sind —i(1— R?) cos 2Rsind 


dilates to the chord through —; 2 Sy with slope m = Lt tan 0 represented by 


( 0 CHR) OS) cote 


2 2 
oe rca Fe) cot 9 2 


Then T (H) = ; : where, 
a = 2Rsin(9+4), 
b = —(R?+1)sin(0+¢) +i (R? — 1) cos(6+¢), and 
6 = —(R?+1)sin(0+¢) —i(R? —1) cos(0+ ¢) 


dilates to a chord through ;2 =z 24, with slope M = LR tan (9 + ¢). 
_ We can now find an affine Aieueen , that takes chords through —R to 
chords through R in correspondence with the action of T’ on the hyperbolic lines, by 


determining constants a, b, c, d. Since M = ©+2™. then 
g 9 Ya a-+bm? 


ctd( +2, tan @ 


Lie 7) 
1—Rz tan ( sd ee tan 6 


and we can choose 
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1 mat FA Ltand 
1+ Ry sy tang 1 


When we take the determinant 6 = tan? ¢ +1 = sec? ¢, and trace 7 = 2, then 


7-46 = 4-4sec?¢d < 0 
4(1—sec?$) < 0, if¢#0. 


Thus, the resulting dilated conic determined by the locus of intersection is always an 
ellipse. 

Note that if transformation T is an opposite isometry then the image of a line 
through —R is obtained by complex conjugation followed by a direct transformation. 
Since the Hermitian matrix of the complex conjugate of a line is represented by the 
transpose of the Hermitian matrix of the line we only need to replace @ with —8@ to obtain 
the Hermitian matrix of the image line, whereby the slope of the chord after dilation is 


M= L+Re =t+, tan(¢— 0). Thus we find the affine matrix A from the equation 


1+R? tan ¢—tan 0 


|—R? T+tan dtané 


I 


L+H tan (¢ — 6) 


c+di+h> tan d tan 0 


a-+-bi tk, a+b2+8> tan 6 tan 0’ 


this yields 


The determinant 6 = — tan? é—1 = —sec? ¢, and the trace r = 0, so 7? — 46 = 4sec? ¢ > 
0. Thus the opposite case of the dilated conic determined by the locus of intersection 


always results in a hyperbola. So with r = pe and a, b, c, and d from above, 


cx” + (d —a) zy — by? — (a +d) ry — er? =0 
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becomes 


R241\ 5 1—R?\ , AR? _ 
(Sa) = day oot 6 (Farr Y~ Gana-r~° 


which simplifies to 


1 
a —_— _ 2 = i . 
z* coshd — 2zy cot d— y cosh d (tanh d) (sinh d) 


Since this hyperbola is symmetric about the center of the disk it can always be rotated 
about the origin into standard position and there are four distinct intersections with the 


boundary circle €. This yields the following opposite case. 
Opposite Case 


If we let R= 5 and ¢ = 4, then 


R?+1\ 5 1-R?\ , 4R? 
—2 to — {| —— — = 
(a) zycot®— | mea )Y — ea pa—R ~° 
simplifies to 
2527 — 10V3xy — 9y? — 16 = 0. See Figure 4.1. 
We can contract the equation of the hyperbolic conic by substituting u = PEED v= 


PETES and d = In+¢+# into the equation 


1 

2 2 : 
d—2 —yr—__ = 

xz“ cosh zy cot d—y cos (tanh d) (sinh d) 


which results in the following equation 


($890) = (setihap) 9 ~(cexeanteseay) #— en  ans = 


o-+y?+1) (@P+y?+1) c 


Figure 4.2 is the graph of the equation above combined with the graph of the hyper- 


bola created by the opposite case as in Figure 4.1. 
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Figure 4.1: A hyperbola created by the opposite case. 
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Chapter 5 


Classification of Hyperbolic 


Conics 


The previous work shows that there are potentially six types of hyperbolic conics 
(as opposed to the three types of affine Euclidean conic). Recall in the Euclidean affine 


plane we consider three cases: 


1) Ellipse, if the line at infinity is an exterior line, 
2) Parabola, if the line at infinity is a tangent, 
3) Hyperbola, if the line at infinity is a secant. 


In the hyperbolic plane the line at infinity is replaced by the unit circle €. 5o the type of 
conic is determined by the way this circle intersects the locus. Since these intersections are 
the same for the dilated conic we only need to consider the number of ways an ordinary 
Euclidean conic can intersect the unit circle. 

Let’s consider our dilated ellipse in standard form 

(14R?)" 9 | (1-R?)? ( — aRcotg\? _ l 

4R? csc? ried 4R? csc? b 1-R: eros 
For 0 < ¢ < m we have csc¢ > 0, so the vertices of the ellipse on the major axis 


(imaginary axis) are located at ~e cot é+ 24, csc. In particular, the upper vertex 


is on the positive axis and the lower vertex is on the negative axis. This leads to the 
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following six cases: 


Case 1: No Intersection 
If 24, cot $ <1 and ;24, tan $ <1 and we let R= ja and ¢ = 7, then 


(1+R?)" 9 , (21-R?)” 2Rcot ¢\? 867 2, 675 8 2 
Acct pe + aR cat (y 7 ie ) = 1 becomes 5552° + 956 (y — — 45 3)" = 1. 


See Figure 5.1. 


Case 2: Unique Intersection; A Single Tangent 


If cot $ <i and 2 72%, tan $ = 1, or 24, cot $ = 1 and ; 2k tan $ < 1 and we 


1- 2 
Gs: pans (1+R ae (1- R?)* 2Rcot 2 be 
let R=2—V3 and d= zi then garage” + aRresctg \Y ~ scot = 1 becomes 


3a? + $ (y - ae = 1. See Figure 5.2. 


Case 3: Two Intersections; Both Tangents 


If we ~ cot ¢ = 1 and wks an $ = 1. For example, let R= /2—1 and ¢= 5, then 


R2 R2 2 
Ge) a Cee (y- soot) = 1 becomes 227 + y? = 1. See Figure 5.3. 


Case 4: Two Intersections, A Secant 


If (28 cot $ <1 and 24, Re tan$>1, or 


i 2B cot $ > 1 and ;24, Z, tan $ <1 and we 


1+R?)” 1-R2)? 2 
let R= 5 and @ = 4, then ee + ee (y = 2K so ) = 1 becomes 


Ba? + 2 (y— 44/3) = 1. See Figure 5.4. 
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Case 5: Three intersections, A Tangent and A Secant 


2H, tan $ =1, or 2#, cot $ = 1 and 2H, tan $ > 1 and we 


14+R? 1-R?)? 2 
let R= Jz and ¢ = §, then (ER) 24 Ed, (v — oat) = 1 becomes 


2? +1(y—1)? =1. See Figure 5.5. 


Case 6: Four Intersections, Two Secants 


If -24, cot $ > 1 and ky tan $ > 1 and we let R= A and ¢ = 3, then 
14R?)? 1—R?)” 2Rcot ¢\* 169 2 4. /q\? 
(kage ~ ees (y— 2288) =1 becomes 1$32?+ 25 (y— $v3)" = 1. 
See Figure 5.6. 
Note: The equation of the ellipse can be written in terms of distance between the two 
original points in the hyperbolic plane, d; and the angle of rotation ¢ that determines T. 


The equation of our dilated ellipse becomes 


1 2 1 F 2 
((tanh d)(csc @))2 a ((sinh d)(csc ¢))” (y = (sinh d) (cot ¢)) =1, 


tanh ¢ 
1—tanh ¢ 


where R = tanh ¢ and 74, = =2 = sinhd. 


a b 
To find the actual hyperbolic conic suppose that the matrix produces the 
d 


: . (1+R? 1—R? 
Cartesian conic (ey + ieee (y — 2Keot ) = 1. 
Since this conic is the result of dilating the hyperbolic conic, we can obtain the equation 
of the hyperbolic conic by the usual inverse transformation procedure, that is, if (z,y) isa 
point on the hyperbolic conic then the dilation of (x, y) must mes the above quadratic. 
The dilation of (x,y) is (we: ate): So, if we let u = ae and v = eres 
then the above equation results in the following 


(1487)? 9 | (1-R?)? 2Rcotd\2 4 
4R? csc? 6 infact ( .7 Sle ) ESO 
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and becomes, ' 
2 
aya? (sin? 6) PHY, 4. ah (sin? ) (1 — 2)? (Qnty -2R S46) -1=0 


(2?+y?+1)? 
which simplifies to the biquadratic or quartic form 
r4 + (r? +1) y% (cot d) (1 — R?) —r? (R4+1) +4y?+1=0 


where r? = 2? + y? and R= tan . 


If we use polar coordinates, s = rcos@ and y = rsin@, the above equation simplifies into 


r* + Ar? + Br? + Ar+1=0. 


This is the polar equation of the contraction to the hyperbolic conic, where 


— R2 
An = pte jae sin 8 = Acote sind 
as 4 (cot ¢) (cschd) sin 9 
BS pe (Rt — 4R? sin? 6 + 1) = — (tanh? p — Asin? 6 + coth? p) 
= Asin? 9 — gitush d = —2 (cos 20 + 2csch"d) 


The symmetry in polar coefficients results from the fact tht the curve must be invariant 
under the interchange of r with i, meaning that the curve is invariant under inversion 
in the unit circle. The portion of the curve outside the unit circle results from the locus 
of second intersections of the circular arcs through —R and R. We will now use the 


contracted conic above in each of the previous six cases. 
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Case 1: No Intersection 


Let A= pUee janes Be }oote 


in@, B= —py (R* -—4R’ sin? 6 +1), R=}, and d= §, 
then r4 + Ar? + Br? + Ar + 1=0 becomes 

rt + 3/3 (sin 8) r? + (4sin? 0 — 257) r? + 3/3 (sin®)r + 1=0. See Figure 5.7. 
Case 2: A Unique Intersection; A Single Tangent 


Let A= pits )ante Fi) cot g 


nO, B = — pz (R* — 4R’ sin? 9 +1), R= 2-3, and = §, 
then r4 + Ar? + Br? + Ar +1 =0 becomes 


r* +4 (sin 6) r? + (4sin? 6 — 14) r? +4 (siné)r+1=0. See Figure 5.8. 


Case 3: Two Intersections; Both Tangents 


_ pe 
Let A = 20-2) &t6 sing, B= — A, (RA — 4B? sin? 9 +1), R= V2—1, and $= §, 
then r4 + Ar? + Br? + Ar + 1=0 becomes r* + (4sin?6 — 6) r?+1=0. 
See Figure 5.9. Notice that if we change to Cartesian coordinates this graph is a picture 
of two circles intersecting on the boundary and has Cartesian factors of 
(x? — 26 + y? — 1) (2? + 22 + y? — 1) =0. 
Case 4: Two Intersection; A Secant 
Let A=QU-P et? 19 B= —4, (Rt —4R?sin? +1), R=}, and o=§, 


then r4 + Ar? + Br? + Ar +1 =0 becomes 


r4 + /3 (sind) r? + (4sin? 6 — 44) r? + V3 (sind) r +1=0. See Figure 5.10. 
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Case 5: Three Intersections; A Secant and A Tangent 

Let A= 20°F) °'9 sing, B= — A, (Rt —4R?sin? 0 +1), R= YB, and $=, 
then r4 + Ar? + Br? + Ar +1=0 becomes 

r++ 2 (sin@)r? + (4sin? 6 — }) r? + 3 (sind)r+1=0. See Figure 5.11. 
Case 6: Four Intersections; Two Secants 

Let A= 20) ing B= 4, (Rt —4R?sin?9 +1), R= 2, and $= £, 
then r* + Ar? + Br? + Ar +1=0 becomes 


r+ 593 (sing) r3 + (4sin? 9 — 92) r2 + 5¥3 (sind) r +1 = 0. See Figure 5.12. 


Figure 5.1: The ellipse with no intersections. 
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Figure 5.2: The ellipse with a unigue intersection, a single tangent. 
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Figure 5.3: The ellipse with two intersections, both tangents. 
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Figure 5.4: The ellipse with two intersections, a secant. 


Figure 5.5: The ellipse with two intersections, a tangent and a secant. 
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Figure 5.6: The ellipse with two intersections, two secants. 


Figure 5.7: The ellipse with no intersections. 
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Figure 5.8: The ellipse with one unique intersection. 
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Figure 5.9: The ellipse with two intersections as tangents. 
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Figure 5.10: The ellipse with two intersections as a secant. 
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Figure 5.11: The ellipse with three intersections. 
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Figure 5.12: The ellipse with four intersections. 
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Chapter 6 


Conclusion 


In this body of work, we have studied and shown how conics arise in planar 
geometry as a linear correspondence between two concurrent pencils. The locus of inter- 
sections LT (L), as L runs through the entire pencil of lines through a point P, and 
where T is an affine transformation such that T'(P) = Q, creates an affine conic: an 
ellipse, a parabola, or a hyperbola. 

When we determined the intersection of L with T'(Z) we found the following 
equation of the affine conic, 

cx? + (d— a) zy — by? — (a+ d)ry — cr? =0. 

The type of conic was determined by the invariants of T, the determinant and trace of 
the linear parts of the matrix T. This led to three cases of the affine conics. 

We used this affine result to explore conics in the hyperbolic plane using Poincaré’s 
conformal disk model, where the lines of the geometry are segments of circles contained 
in the disk orthogonal to the boundary circle €. We then chose two points P and Q and 
a transformation T' which takes the pencil of circles through P to the pencil through Q. 
The transformation T is a linear fractional transformation that preserves the disk. 

We finally showed that the conic produced by T' is mapped to an affine conic 
when dilation about the center of the disk by a hyperbolic factor of two is imposed. This 
dilation takes the arc to chords of the disk that share the same boundary points and 
gives rise to a map, called the spinor map, that allows us to classify the hyperbolic conic 
by examining it’s affine counterpart. Since the affine conic is always an ellipse, we were 


able to classify the hyperbolic conic by counting intersections of this affine conic with the 


a5) 


boundary of the disk. This resulted in six cases and the actual hyperbolic conic can be 


recovered in explicit form by contracting the affine conic. 
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